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ABSTRACT
Magnetic BPS string solutions preserving quarter of supersymmetry are
obtained for all abelian gauged d = 5 N = 2 supergravity theories coupled to
vector supermultiplets. Due to a “generalised Dirac quantization” condition
satisfied by the minimized magnetic central charge, the string metric takes a
universal form for all five dimensional gauged theories.
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1 Introduction
Black hole solutions of gauged extended supergravities have recently been
the subject of intense research activities [1, 2, 3, 4, 5, 6]. This is largely
motivated by the newly proposed correspondence between anti-de Sitter
space, the ground state of gauged supergravity, and conformal field theo-
ries on its boundary [7]. Anti-de Sitter black hole solutions which break
some or all of supersymmetries may be of relevance to the proposed anti-de
Sitter/Conformal Field Theory correspondence.
BPS-saturated black holes constitute a large class of non-trivial gravita-
tional backgrounds preserving some part of the superymmetry of the the-
ory. Supersymmetric BPS solutions for the theory of N = 2 gauged four
dimensional pure supergravity were first considered in [1]. Also, BPS elec-
trically charged solutions were found for the four dimensional N = 8 and
N = 2 supergravity theories with vector multiplets in [5, 6]. In five di-
mensional gauged N = 2 supergravity coupled to vector supermultiplets[8],
static spherically symmetric electrically charged BPS-saturated black holes
were considered in [2]. A common feature of all these solutions is that they
are supersymmetric and have naked singularities. BPS-saturated topologi-
cal black holes in gauged supergravity, also with naked singularities, were
obtained in [4]. Non-extreme electrically charged static black hole solutions
of N = 2 five dimensional gauged supergravities were studied in [3]. The
geometry of these solutions, in particular their singularity structure, and the
domain of the parameters of the ADM mass for which horizons exist as well
as their thermodynamic features were also studied. Such features could po-
tentially provide an insight into dynamics of Yang-Mills theories with broken
supersymmetry.
BPS magnetic string solutions which break half of supersymmetry in the
theory of ungauged N = 2 five-dimensional supergravities were constructed
in [9]. These solutions correspond , in models which can be obtained as com-
pactifications of M-theory on a Calabi-Yau manifold, to five branes wrapping
around the homology cycles of the Calabi-Yau compact space. Near the hori-
zon, the supersymmetry of these solutions gets enhanced and fully restored.
The horizon geometry of these solutions is identified with the space AdS3×S2.
Our purpose in this paper is to study spherically symmetric magnetically
charged string solutions of five dimensional N = 2 gauged supergravity the-
ory coupled to vector supermultiplets[10]. We organize this work as follows.
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In Section 2, a brief review of five dimensional N = 2 supergravity is given
within the context of very special geometry. In Section 3, magnetic string
solution which preserves 1/4 of the N = 2 supersymmetry are explicitly de-
rived. It it shown that for any choice of the prepotential V which defines
the five dimensional theory, the string metric takes a universal form inde-
pendent of the charge configuration of the solution. This universality is a
consequence of the fact that the solutions depend on the magnetic central
charge which, for the supersymmetric configuration, has to satisfy a gener-
alised “Dirac quantization condition”. As discussed for the ungauged cases
[9], a subclass of solutions of the N = 2 models are also solutions for mod-
els with more supersymmetry; i.e., N = 4 and N = 8 supergravity. This
is the three-charge configuration with no self-intersections. The last section
includes a summary and a discussion.
2 D = 5 N = 2 Gauged Supergravity
The theory of five-dimensional N = 2 supergravity coupled to abelian vector
supermultiplets can be obtained by compactifying eleven-dimensional super-
gravity, the low-energy theory of M-theory, on a Calabi-Yau three-folds [11].
The massless spectrum of the theory contains (h(1,1) − 1) vector multiplets
with real scalar components, and thus h(1,1) vector bosons (the additional
vector boson is the graviphoton). The theory also contains h(2,1) + 1 hy-
permultiplets, where h(1,1) and h(2,1), are the Calabi-Yau Hodge numbers.
Gauged supergravity theories are obtained by gauging a subgroup of the R-
symmetry group; the automorphism group of the supersymmetry algebra.
The gauged d = 5, N = 2 supergravity theories are obtained by gauging the
U(1) subgroup of the SU(2) automorphism group of the supersymmmetry
algebra [10]. This is achieved by introducing a linear combination of the
abelian vector fields already present in the ungauged theory, i.e. Aµ = VIA
I
µ,
with a coupling constant g. The coupling of the fermi-fields to the U(1) vec-
tor field breaks supersymmetry, and therefore gauge-invariant g-dependent
terms must be introduced in order to preserve N = 2 supersymmetry. In a
bosonic background, this amounts to the addition of a g2-dependent scalar
potential V [10, 2].
The bosonic part of the gauged supersymmetric N = 2 Lagrangian which
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describes the coupling of vector multiplets to supergravity is given by
e−1L = 1
2
R + g2V − 1
4
GIJFµν
IF µνJ − 1
2
gij∂µφ
i∂µφj
+
e−1
48
ǫµνρσλCIJKF
I
µνF
J
ρσA
k
λ (1)
with the space-time indices (µ, ν) = 0, 1, · · · , 4, R is the scalar curvature, F Iµν
are the abelian field-strength tensors and e =
√−g is the determinant of the
Fu¨nfbein e am , V is the potential given by
V (X) = VIVJ
(
6XIXJ − 9
2
gij∂iX
I∂jX
J
)
, (2)
where XI represent the real scalar fields which satisfy the following condition
V = 1
6
CIJKX
IXJXK = 1 . (3)
The physical quantities in (1) can all be expressed in terms of the homo-
geneous cubic polynomial V which defines “very special geometry” [12]. We
also have the relations
GIJ = −1
2
∂I∂J logV
∣∣∣
V=1
gij = ∂iX
I∂jX
JGIJ
∣∣∣
V=1
, (4)
where ∂i and ∂I refer, respectively, to a partial derivative with respect to the
scalar field φi and XI = XI(φi).
It is worth pointing out that for Calabi-Yau compactification, V repre-
sents the intersection form, XI and XI =
1
6
CIJKX
JXK correspond, respec-
tively, to the size of the two- and four-cycles and CIJK are the intersection
numbers of the Calabi-Yau threefold.
3 Magnetic String Solutions
In this section the BPS extended magnetic solutions preserving 1/4 of the
N = 2 supersymmetry are constructed. This is achieved by solving for the
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vanishing of supersymmetry transformation of the gravitino and gauginos
fields in a bosonic background. The supersymmetry transformation of these
fermionic fields in a bosonic background are given by [2]
δψµ =
(
Dµ + i
8
XI(Γµ
νρ − 4δµνΓρ)FνρI + 1
2
gΓµX
IVI − 3i
2
gVIA
I
µ
)
ǫ,
δλi =
(
3
8
ΓµνF Iµν∂iXI −
i
2
gijΓ
µ∂µφ
j +
3i
2
gVI∂iX
I
)
ǫ (5)
where ǫ is the supersymmetry parameter and Dµ is the covariant derivative2.
A general spherically symmetric string solution can be written in the
following form
ds2 = −e2V dt2 + e2Tdz2 + e2Udr2 + r2
(
dθ2 + sin2 θdφ2
)
(6)
and for the gauge fields we take
AIφ = −qI cos θ,
F Iθφ = q
I sin θ, (7)
where the functions (U, V, T ) are functions of r, and (θ, φ) are the polar
coordinates of the 2-sphere.
The Funfbein of the above metric are given by
e0t = e
V , e0t = e
−V
e1z = e
T , ez1 = e
−T
e2r = e
U , er2 = e
−U
e3
θ
= r , eθ3 =
1
r
e4
φ
= r sin θ, eφ
4
=
1
r sin θ
.
The spin connections for the above metric are given by
2we use the metric ηab = (−,+,+,+,+), {Γa,Γb} = 2ηab, Dµ = ∂µ + 14ωµabΓab, ωµab
is the spin connection, and Γν are Dirac matrices and Γa1a2···an = 1
n!Γ
[a1Γa2 · · ·Γan].
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wt02 = −V ′eV−U ,
wz12 = T
′eT−U ,
wθ23 = −e−U ,
wφ24 = −e−U sin θ,
wφ34 = − cos θ. (8)
where (0, 1, 2, 3, 4) represent the flat indices.
Then from the supersymmetry transformation of the fermionic fields we
obtain
δψt =
(
∂t +
1
2
V ′eV−UΓ02 +
i
4
Z
eV
r2
Γ034 +
1
2
geVXIVIΓ0
)
ǫ
δψz =
(
∂z +
1
2
T ′eT−UΓ12 +
i
4
Z
eT
r2
Γ134 +
1
2
geTXIVIΓ1
)
ǫ
δψθ =
(
∂θ − 1
2
e−UΓ23 − i
2
Z
1
r
Γ4 +
1
2
grXIVIΓ3
)
ǫ
δψφ =
(
∂φ − (e
−U
2
Γ24 − iZ
2r
Γ3 − gr
2
Γ4) sin θ +
1
2
(3igqIVI − Γ34) cos θ
)
ǫ
δψr =
(
∂r +
ieU
4
Z
r2
Γ234 +
1
2
geUXIVIΓ2
)
ǫ (9)
where Z = qIXI is the magnetic central charge. As supersymmetric
breaking conditions we take the following conditions
Γ3Γ4ǫ = iǫ,
Γ2ǫ = −ǫ. (10)
Then, the above transformations reduce to
δψt =
(
∂t − 1
2
(V ′eV−U + Z
eV
2r2
− geVXIVI)Γ0
)
ǫ,
δψz =
(
∂z − 1
2
(T ′eT−U + Z
eT
2r2
− geTXIVI)Γ1
)
ǫ,
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δψθ =
(
∂θ − 1
2
(e−U − Z 1
r
− grXIVI)Γ3
)
ǫ,
δψφ =
(
∂φ − i
2
(1− 3gVIqI) cos θ − 1
2
(e−U − Z 1
r
− grXIVI) sin θΓ4
)
ǫ,
δψr =
(
∂r +
eU
2
(
Z
2r2
− gXIVI)
)
ǫ. (11)
The vanishing of the above equations implies the following conditions on
the supersymmetry spinor ǫ,
∂tǫ = 0,
∂θǫ = 0,
∂φǫ = 0,
3gqIVI = 1,
−e−U + Z
r
+ grXIVI = 0,
−e−UT ′ − Z
2r2
+ gXIVI = 0,
−e−UV ′ − Z
2r2
+ gXIVI = 0. (12)
The last two equations in (12) implies that one should set T = V. More-
over, we make the following choice3
XIVI = 1, (13)
Then one immediately obtain from the fifth equation of (12), the following
expression for U
e−U =
Z
r
+ gr, (14)
Using the last equation of (12), we obtain the following differential equation
for V ,
V ′e−U = g − Z
2r2
. (15)
3one could have setXIVI to an arbitrary constant but the net effect would be a rescaling
of the coupling constant g
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The above differential equation can be easily solved by noticing that it can
be rewritten in the following form
dV
dr
=
d
dr
log (e−U)− 1
4
d
dr
log (
e−U
gr
)
where we have implicitly assumed that Z takes a constant value to be deter-
mined and therefore one obtains the following solution for V
eV = e−3
U
4 (gr)
1
4 . (16)
The scalar fields are chosen to minimize the magnetic central charge, as
in the case of the double extreme solutions in the ungauged theory,[13, 9] i.
e.,
∂iZ = ∂i(q
IXI) =
1
3
CIJKX
I∂i(X
J)qK = 0. (17)
With the above ansatz, the gaugino transformations given by
δλi =
(
3
8
∂iXIΓ
µνF Iµν −
i
2
gijΓ
µ∂µφ
j +
3
2
igVI∂iX
I
)
ǫ
=
(
3
8
∂iXIΓ
µνF Iµν +
3i
4
Γµ∂µX
I∂iXI +
3
2
igVI∂iX
I
)
ǫ (18)
can be easily seen to vanish identically.
From (17), It follows that the critical values of XI and its dual are given
by [9]
XI =
qI
Z
, XI =
1
6
CIJKq
JqK
Z2
(19)
and thus the critical value of the magnetic central charge is
Z3 =
1
6
CIJKq
IqJqK . (20)
Using the conditions XIVI = 1 and the fourth relation of (12), one obtains
a generalised Dirac quantization condition
3
√
1
6
CIJKqIqJqK =
1
3g
. (21)
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The above condition reduces in the case of pure supergravity, i. e, for the
case where there are no vector supermultiplets and one graviphoton charge
q0, to the Dirac quantization of the magnetic charge
q0 =
1
3g
. (22)
A similar condition was obtained by [1] .
To summarize, the magnetic string solution to D = 5, N = 2 gauged
supergravity coupled to vector multiplets is given by
ds2 = (gr)
1
2 e−
3
2
U(−dt2 + dz2) + e2Udr2 + r2
(
dθ2 + sin2 θdφ2
)
e−U =
1
3gr
+ gr. (23)
and the gauge fields and the scalars are given by
AIφ = −qI cos θ, (24)
XI = 3gqI . (25)
The Killing spinor is independent of the angular variables and the ra-
dial dependence of the Killing spinor is obtained by solving for its radial
differential equation given by(
∂r − e
U
2
(g − 1
6gr2
)
)
ǫ = 0 (26)
Using the relation (15), the above differential equation can be written in
the following simple form (
∂r − 1
2
V ′
)
ǫ = 0 (27)
and therefore
ǫ(r) = e
1
2
V ǫ0 (28)
where ǫ0 is a constant spinor satisfying the constraints
Γ3Γ4ǫ0 = iǫ0, Γ2ǫ0 = −ǫ0 (29)
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4 Discussions
In this paper we have obtained explicit magnetic string solutions for all N =
2 supergravity models in five dimensions. The magnetic charges satisfy a
generalised Dirac quantization which for the case of pure supergravity implies
that the magnetic charge is fixed in terms of the inverse of the coupling
constant g. A subclass of solutions of N = 2 supergravity are also solutions
of supergravity theories with N = 4 and N = 8 supersymmetries. Those are
the gauged versions of the “toroidal”-type compactifications.
The fact that the magnetic central charge, for all charge configurations,
is given in terms of the coupling constant g implies that the metric solution
takes a universal form for all gauged theories in five dimensions.
Clearly like the BPS spherical electric solutions in four and five dimen-
sional gauged supergravity theories, our magnetic string solution represent
a naked singularity. However, it was observed in [4] that for four dimen-
sional purely magnetic solutions one can get extremal genuine black holes
with event horizons if the two sphere is replaced with the quotients of the
hyperbolic two-space H2. In our case, this would result in the following
solitonic solution.
ds2 = (gr)
1
2 e−
3
2
U(−dt2 + dz2) + e2Udr2 + r2
(
dθ2 + sinh2 θdφ2
)
AIφ = −qI cosh θ, XI = 3gqI , e−U = gr −
1
3gr
(30)
Details of the above solution and its supersymmetric properties will be
given elsewhere.
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